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Abstract
We elucidate how nanocrystals “bond” to form ordered structures. For that purpose we consider nanocrystal
configurations consisting of regular polygons and polyhedra, which are the motifs that constitute single
component and binary nanocrystal superlattices, and simulate them using united atom models. We compute
the free energy and quantify many body effects, i.e., those that cannot be accounted for by pair potential (two-
body) interactions, further showing that they arise from coalescing vortices of capping ligands. We find that
such vortex textures exist for configurations with local coordination number ≤6. For higher coordination
numbers, vortices are expelled and nanocrystals arrange in configurations with tetrahedral or icosahedral
order. We provide explicit formulas for the optimal separations between nanocrystals, which correspond to
the minima of the free energies. Our results quantitatively explain the structure of superlattice nanocrystals as
reported in experiments and reveal how packing arguments, extended to include soft components, predict
ordered nanocrystal aggregation.
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ABSTRACT: We elucidate how nanocrystals “bond” to form
ordered structures. For that purpose we consider nanocrystal
configurations consisting of regular polygons and polyhedra,
which are the motifs that constitute single component and
binary nanocrystal superlattices, and simulate them using
united atom models. We compute the free energy and
quantify many body effects, i.e., those that cannot be
accounted for by pair potential (two-body) interactions,
further showing that they arise from coalescing vortices of
capping ligands. We find that such vortex textures exist for
configurations with local coordination number ≤6. For higher
coordination numbers, vortices are expelled and nanocrystals
arrange in configurations with tetrahedral or icosahedral order. We provide explicit formulas for the optimal separations
between nanocrystals, which correspond to the minima of the free energies. Our results quantitatively explain the structure of
superlattice nanocrystals as reported in experiments and reveal how packing arguments, extended to include soft components,
predict ordered nanocrystal aggregation.
■ INTRODUCTION
Self-assembly of nanocrystals (NCs) into ordered structures is
directed by capping ligands that play the same role as the
electronic orbitals in materials made of simple elements and
molecules. Typical ligands include DNA, polymers, or hydro-
carbons,1 allowing periodic and quasi-periodic arrangements of
NCs, i.e., superlattices, self-assembled by DNA-hybridization,2,3
electrostatic phase separation,4−6 or solvent evaporation.7−19
A detailed understanding of the ligand textures and the
mechanisms that determine bonding between two or more NCs
is lacking, which creates a fundamental problem for engineering
the type of structures that are necessary to solve many of the
technological challenges of our century: novel fuel cells,
photonic and catalytic materials, or advanced metamaterials,
among many others.20 In addition, the possibility of designing
NCs with varied geometric shapes and dimensions21 opens
revolutionary avenues for creating exotic new structures.
Considering principles of geometry and topology, for example,
has led to the recent description of all experimentally realized
superlattices as quasi Frank−Kasper phases.22
Superlattices involving two NC species, i.e., binary nano-
particle superlattices (BNSLs), are fascinatingly complex; more
than 20 different structures of BNSLs in 2D and 3D have already
been reported.20 Early attempts to explain these BNSLs as
problems related to packing of rigid or semirigid spheres23−27
were unsuccessful; either the equilibrium structure was different
from the one predicted by theory or the resulting lattice constant
was inconsistent with NCs modeled as rigid or semirigid
spheres.24 Other models, such as the optimal packing model
(OPM)28 or the overlap cone model (OCM),29 attempted to
explicitly address ligand conformation, but many examples exist
where the predicted lattice constants from these models disagree
with experiment,18,24 clearly indicating the need for a truly
predictive model.
To this end, our group recently developed the orbifold
topological model (OTM),24 which models NCs as “soft
skyrmions”. In a soft skyrmion, each ligand is viewed as a three-
dimensional vector attached to the surface of the core, thus
enabling topological considerations that constrain the structure
of those ligands. The OTM predicts that bonding between NCs
occurs through ligand textures in the form of vortices. In ref 30 it
was shown that more than 160 independent experimental results
collected from the literature were successfully predicted by the
OTM, without a single outlier. Despite this remarkable success,
direct confirmation of the existence of vortices has not yet
occurred, as experimental methods to visualize ligand textures
have not been fully developed. To date, the best observed
evidence for vortices is our recent united atom model
simulations of the interaction between two NCs, see ref 31,
which clearly show the presence of a single vortex on each NC,
thus validating a critical prediction of the OTM.
The interaction of two NCs, while relevant, describes systems
where NC coordination (number of nearest neighbors) is 1, far
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from coordinations present in real assemblies, which range
between 3 and 12. In such cases, there would be many vortices
on each NC. As local coordination increases, vortices can no
longer remain isolated and would begin interacting with one
another.We expect those vortices will interact repulsively as they
coalesce, as the NCs will seek to avoid the drastic reduction in
the number of available microstates (entropy reduction) when
ligands are in close proximity to one another. According to the
OTM, vortex interactions are governed by the following rules:
1. The equilibrium NC separation distance (minimum free
energy) occurs at the maximum (generalized) packing
fraction that is consistent with the vortex configuration
determined by local coordination.
2. The maximum number of vortices in a NC is 6.
Generalized packing fraction,24,30 see eq 9, includes the soft
components (ligands). The last condition results from the
repulsive nature of the vortices, as allowing more than 6 vortices
would result in an energy increase due to vortex repulsion that is
larger than the energy loss due to increased van der Waals
attraction. We note that this condition implies that fcc lattices
(coordination 12 > 6) should be vortex free.
In this paper, we provide a detailed investigation of NC
bonding byMD simulations and show, for the first time, that it is
driven by vortex textures whose free energy we calculate. We
quantify many body interactions and provide the mechanism
behind vortex coalescence, which leads to the equilibrium
structures. Our study uses the same united models as described
in ref 31. In the past, studies of this kind have been exclusively
limited to computation of (planar) three-body configurations
with some restrictions.29,32 Here, by developing a new method
as described below, we are able to investigate arbitrary complex
configurations with any desired coordination number. Our study
is concentrated on assemblies with coordinations between 3 and
12, as such systems cover all experimentally available cases
reported in the literature.
■ RESULTS
Free Energy Calculation. We consider NCs whose cores
consist of gold (Au) atoms, with ligand chains composed of
hydrocarbons, following ref 31. NCs will be described by the
formula Aun(SCmH2m+1)j, where n refers to the number of Au
atoms in the core, j is the number of grafted hydrocarbon chains,
and m is the number of carbon atoms in a given chain. We will
not refer explicitly to hydrogens in our naming convention,
instead denoting each one of the CH2 or CH3 united atoms in
our model as C.We investigate two core sizes, Au201(SCm)80 and
Au1289(SCm)258 and three chain lengths of j = 9, 12, and 19
carbons.
We consider configurations consisting of a central NC and a
surrounding “cage” of N NCs, all equidistant (at distance Rc)
from the center; see Figure 1. The cage vertices define a
tetrahedron, octahedron, cube, icosahedron, or fcc unit cell. We
also consider planar cages, which we denote as PN, for 2≤N≤ 6,
in the form of regular polygons. These configurations are








no. of nearest neighbors within the cage
nn
c (1)
where Rnn is the distance between nearest neighbors within the
cage. Table 1 summarizes our geometric constants, and
representative NC configurations are shown in Figure 2.
We define the central NC to be centered at r ⃗ = 0 and the
coordinates of the cage defined by
⃗ = ⃗ =R R n i N1...i i
c
c (2)
where n⃗i are unit vectors for i = 1...N. The nearest neighbor
distance for NCs within the cage is Rnn = χRc.
We introduce a new method to compute the N-potential of
mean force (PMF). It consists of running a simulation where we
add harmonic bonds between the center NC and each cage NC,
along with bonds between nearest neighbor NCs in the cage,
starting with a cage of radius Rc = R0, where R0 is the unstretched
value of the harmonic bond. After a sufficient number of time
steps, the given configuration settles at a value R′c, which upon
suitable integration provides the N-body PMF (with the extra
harmonic terms discounted) FN(T, R⃗1, R⃗2, ..., R⃗N), defined as the
partition functions for the NCs which are located at positions
{R⃗i}, i = 1...N, which we provide as a function of a single reaction
coordinate R. Detailed exposition and derivation of the method
are given in the Supporting Information.
Besides its generality, accuracy, and ease of computation, our
new method has another very important advantage over
previous methods of fixing NCs at rigid positions;29 it allows
us to establish whether the assumed configuration is stable, thus
enabling transitions, such as the fcc transition to icosahedron,
discussed further below.
N-Body Potential of Mean Force (N-PMF). In Figure 3 we
show plots of N-PMF for P2−P6, tetra, octa, and icos
configurations, calculated through the method previously












Figure 1.One of our typical systems with center and cage NCs labeled.
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where F2(T,R) is the two-body or pair PMF, which is obtained
from ref 31. Vertical lines are drawn at theminima of the N-PMF
and at theminima of the pair PMFwhen relevant. The difference
between the pair and N-PMF curves, the many body effects, is
also plotted in green. The plots clearly show that for the PN
planar configurations, there is an absence of many body effects
until the N-PMF reaches its minimum. However, for polyhedra
and particularly for the tetrahedral configuration, there are small
but significant many body effects that arise even before theOPM
separation is achieved; see eq 5.
In Figure 4 and Figure 5 we show the N-PMF as the chain
length or the core size is systematically changed, showing that
increasing chain length gives more stability than increasing the
core size, as we discuss further below.
Ligand Chains. Figures 6−8 show the averaged positions of
ligand chains for Au201(SC12)80 NCs in the window correspond-
ing to the minimum of the N-PMF. When analyzing our
simulations, we determine ligand chains with significant nonzero
projections onto the NC core surface as being part of a vortex
texture. Quantitatively, we compute the angle defined by the first
hydrocarbon on a given chain, the core, and the last hydrocarbon
on that chain. If this angle is greater than our prescribed
tolerance, this chain is part of a vortex texture. Conversely,
chains whose projection is less than the prescribed tolerance are
identified as neutral lines; see ref 24. In our figures, vortices are
colored cyan for center NCs as well as NCs in the polyhedral
cage. We notice that for the icosahedral cage, there are no
vortices on the central NC.
In Figure 9 we show how vortices coalesce. Initially, there are
six isolated vortices, separated by neutral lines, which coalesce
(i.e., neutral lines disappear) as the NCs become closer, at which
point, the N-PMF is no longer given by the addition of the two-
body PMFs. This plot serves to illustrate that many body effects
mostly arise when vortices are no longer isolated and interact
with one another.
Emergence of Icosahedral Order at High Coordination
Number. An attempt to compute the free energy of an fcc
Wigner−Seitz cell (consisting of a center NC and all of its 12
nearest-neighbor atoms) was unsuccessful, as the configuration
was found to be unstable. As shown in Figure 10, the system
evolved into an icosahedron, overcoming very significant energy
barriers imposed by the springs. In the inset of Figure 10 it is
shown that this evolution occurs at the exact point where the free
energy for the icosahedron pair PMF becomes lower than the
pair PMF of the fcc unit cell. Similar instabilities are obtained for
a cube; see Figure S4 in the Supporting Information. This is
especially relevant when considering ref 22 because it confirms
the tendency of ordered arrangements of NCs to form
icosahedral order. Furthermore, it illustrates the power of our
method to compute the N-PMF as compared with previous
ones,28,33,34 as we are able to identify and follow alternative free
energy minima.
■ DISCUSSION
OTM Model. The OTM describes each NC as a “soft
skyrmion”. If L denotes the maximum extension of the capping
ligand,R the core radius, and r half the nearest-neighbor distance







are introduced. These quantities are illustrated in Figure 13. The
actual NC radius is given by the optimal packing model (OPM)
formula28
τ ξλ= +(1 3 )OPM
1/3
(5)
where ξ = A
Ai
0 , A0 is the smallest possible molecular area (inverse
grafting density), which for hydrocarbon chains is ≈20 Å2, and
Ai the actual molecular area. The OPM value will be referred to
as the NC radius ri and is smaller than the hydrodynamic radius
rH, which is useful in order to give an idea of how much the
chains are compressed in the vortex free case, the OPM limit. If a
given NC has a local coordination number less than 6, the OTM
predicts a smaller radius ri̅ < ri, enabled by vortex textures. A
Table 1. Geometric Constants β, χ for the Systems Considered































Figure 2.Representative examples of cagedNC configurations. There areN center-cage (pink) bonds with lengthRc andNβ cage−cage (green) bonds
with length Rnn.
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detailed description of how to calculate ri̅ is provided in the
original references of the OTM.24,30
For two isolated NCs, the equilibrium distance ri̅ corresponds
to the minimum of the potential of mean force (PMF) and has
been proposed to be described by the overlap cone model
(OCM),29 recently corrected.31 For caged configurations, the
OCM model predicts
τ η τ τ= <OCM HS
1/3
OPM OPM (6)
where ηHS is the hard sphere packing fraction of the
corresponding structure.24,29
An approximate OTM formula for τ of the center NC is
obtained by assuming that there is a cone aperture angle θwhere
hydrocarbon packing density is maximum, which leads to
Figure 3. N-PMF (blue), N-PMF calculated by assuming pair interactions only (red), and the difference are the many body effects (green) of
Au1289(SC19)258 for all configurations. The temperature of our simulation is Tm = 387 K; see Materials and Methods.
Journal of the American Chemical Society Article
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where the angles are given by θ = π
N
for PN systems N > 3 and
θ = −( )arccos 1 N2 or 0, depending whether N > 6. Note that
the above formula reduces to the OPM result whenever θ = 0.








where the last statement follows from the total distance being
the sum of the center and cage radius. In general, τOCM≤ τOTM≤
τOPM.
Equilibrium. The equilibrium separations for every
configuration and every NC size are given in Figure 11; see
also Table S1 in Supporting Information. Table S2 in Supporting
Information gives the interaction well depths for every
configuration and every NC size. At present, we do not have
an analytical formula for the modified OTMmodel;31 therefore,
the values of τ(P2) in eq 8 are those from the two body PMF
simulations.31
In Figure 12 we show the OTMprediction for our data points,
in agreement within 5% error. Most remarkably, we see
confirmation of the OTM prediction in the icosahedral case,
where the cage radius is given with the OPM, which is
completely consistent with the absence of vortices, as clear from
Figure 7.
The interaction energy well depth at equilibrium is shown in
Figure 14 as a function of coordination number, both for the
planar and 3D cases. Given how deep the energy wells are, these
structures are extremely robust against thermal fluctuations,
with bond strengths that are even larger than those of covalent
bonds in atoms or molecules. Figure 14 shows that the well
depth increases with coordination number and that it grows
more rapidly by increasing chain length rather than NC size.
■ CONCLUSIONS
In this paper, we investigated NC configurations consisting of
regular polygons and polyhedra, revealed how they “bond” to
form ordered structures, and quantified their magnitude. These
structures are the “motifs” that make existing BNSLs, so our
results provide a new way to predict self-assembly as resulting
from bonding configurations. Note that the bonding is
nonadditive (is not the sum of two body interactions) as
many body effects mainly arise from vortex coalescence, so the
magnitude of these effects is roughly proportional to the number
of vortices.
We have clearly demonstrated that in NCs with coordination
≤6, bonding occurs through vortices (see Figure 6) and for
coordination >6 vortices are expelled. Taken en masse, our
results provide unambiguous validation of the OTM assump-
tions,24,30 as detailed in the Introduction, and explain the origin
of the icosahedral motifs present in all superlattices, as hinted by
quasi Frank−Kasper phases.22 In crystals of simple atoms,
orbitals result from the hybridization of electron wave functions.
Figure 4. Effect of changing chain length on system free energy for P6 and tetra configurations. The plots highlight the changes in the N-PMF when
going from a chain length of 12 to a chain length 19. Note that the x and y limits on the plots are the same for a given configuration. The temperature of
our simulation is Tm = 387 K; see Materials and Methods.
Journal of the American Chemical Society Article
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Conceptually, it is the same in NC assembly, where electrons are
equivalent to the ligand chains, and the orbitals are the vortices.
In previous studies we postulated several of these “atomic
orbitals”,31 and here we have provided their explicit structure.
Particularly common are NCs with coordination 4, P4 and
tetrahedra, identified as n-equat and n-tetra in ref 30, which
occur in a wealth of BNSLs: MgZn2, AuCu, Li3Bi, or bccAB6.
The fact that our simulations show vortices for the limiting case
of coordination N = 6 (see P6 and octahedra) may have
implications for NaCl, CaB6, and cub-AB13, but so far,
experimental evidence seems more consistent with no vortices
present for these BNSLs.30 It remains a challenge to develop a
coarse-grained free energy for the OTM, which would allow for
rigorous free energy calculations, avoiding the cost of MD
simulations. In that regard, previous34,35 and recent develop-
ments to compute effective potentials36 may provide the
necessary formalism to achieve this goal.
Recently, there has been a significant body of work aimed at
understanding colloidal self-assembly through packing consid-
erations; see refs 37−39. Particularly interesting are the results in
ref 39, where it was demonstrated that packing considerations
did not predict ideal hard particle shapes for self-assembly
Figure 5. Effect of changing core on system free energy for P6 and tetra configurations. The plots highlight the changes in the N-PMFwhen going from
a core of radius 10.15 Å to a core of radius 20.3 Å with a chain length of 12. Note that the x and y limits on the plots are the same for each
configuration.The temperature of our simulation is Tm = 387 K; see Materials and Methods.
Figure 6.Average position of the ligand chains over the entire time spent at the minimum of the N-PMF on the central NC for P2−P5 configurations of
Au201(SC12)80. The cyan ligands are members of vortices, and dark gray ligands are not members of vortices. Vortices are clearly present at the
interaction site between the central NC and each cageNC.Note that ligands not near an interaction site remain perpendicular to the core, that is, define
neutral lines or surfaces.
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DOI: 10.1021/jacs.8b03895
J. Am. Chem. Soc. XXXX, XXX, XXX−XXX
F
because the perfect space-filling shape is never thermodynami-
cally preferred. Our results clearly suggest that for real systems
with flexible ligands, a generalized packing defined as
η =
space occupied by matter
total space (9)
allows introduction of packing considerations to predict
equilibrium structures. Within this generalized packing, it is η
= ηHS (HS = hard sphere packing of the structure, fcc = 0.74,
etc.) for vortex free configurations and ηHS < η < 1 otherwise,
with OCM being the maximal packing of 1.30
As a concrete example, let us analyze the fcc → icosahedron
transition; see Figure 10. In this case, because the configuration
is vortex free, η = ηHS. For fcc η = =
π(fcc) 0.7405HS 3 2 , while
for the icosahedron η = =π+ +(ico) 0.755HS






and indeed, the icosahedron has the lower free energy. When
allowed, vortices enable NCs to overcome theHS packing limits,
and the equilibrium structures discussed in this paper, as well as
all experimentally discovered superlattices, appear as maxima of
the (generalized) packing fraction η; see the detailed discussion
in ref 30. Thus, the soft ligands do not invalidate packing
arguments; to the contrary, they enable precise predictions. It
remains an open question of how these considerations can be
generalized to NCs with the complex shapes (see also ref 19)
discussed in refs 37−39.
Superlattices, whether single component, binary, or even
more complex, describe a new form of matter that holds great
promise for solving many of the technological challenges of this
Figure 7.Average position of the ligand chains on the central NC of all the 3D configurations (from left to right: tetra, octa, icos) of Au201(SC12)80 NCs.
The cyan ligands aremembers of vortices. As in Figure 6, vortices are clearly present at the interaction site between the center NC and each cageNC for
tetra and octa. Vortices are expelled from icos, confirming a prediction of the OTM.
Figure 8. View of the average position of the ligand chains of cage NC along the radial interaction axis of the Au201(SC12)80 NCs. From left to right are
the tetra, octa, and icos configurations. The cyan ligands are members of vortices, and dark gray ligands are not members of vortices. In each case, a
single vortex has developed on the cage NC as it interacts with the center NC.
Figure 9. Evolution of the vortices on the central NC in a P6
configuration for Au1289(SC19)258 NCs. Cyan ligands are a part of the
vortex, and dark gray ligands are not. The progression of the simulation
is from right to left. As NCs get closer, vortices develop and are initially
separate, but at 58 Å the vortices coalesce and we begin to see many
body effects present in the N-PMF.
Journal of the American Chemical Society Article
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century. So far, discovery of new structures has been driven by a
process of experimental trial and error. The results presented in
this paper provide a theoretical and computational framework
that enables rational superlattice design by combination of the
corresponding “orbitals”.
■ MATERIALS AND METHODS
We have run molecular dynamics simulations of the above
configurations (using the HOODLT40 and HOOMD-blue software
packages41−43 at a temperature Tm = 387 K and nonbonded cutoff of 24
Å in the following manner: NCs were set in their configuration with
radius RE large enough that the nonbonded interactions between NCs
would be 0. Then the simulation began and the system was allowed to
equilibrate for 2 × 105 to 1 × 106 time steps while recording bond
distance data every 200 time steps. In this time, the bonds connected to
the central NC reached a new average center-to-center separation,
Rf(Rl). After that, the radius of the circle or sphere circumscribing the
configuration NCs was set to a new value Rl+1, slightly smaller than
before, and the systemwas given some time to re-equilibrate before data
collection resumed. This process of shortening R, letting the system re-
equilibrate, and taking additional data was repeated many times until R
= Rc such that the NCs were sufficiently close together. Each iteration of
this process is referred to as a window. Typically, there were 12−23
windows in a completed simulation. After initial runs in each window,
Figure 10. Evolution of the fcc unit cell system as the simulation
progresses from right to left. The unit cell passes through an
intermediate state in which tetrahedral order is preserved and then
further progresses until the configuration becomes an icosahedral
configuration. The central bonds and ligands have been omitted from
the figures for clarity.
Figure 11. Plot of τ as a function of λ for every configuration, particle
size, and chain length considered in this work. The data points are fairly
evenly distributed between the OPM and OCM limits, and the icos is
always below theOPM value. TheOPM (purple) curve is given by eq 5.
The 1 + λ curve is the hard sphere separation if the chains are
completely extended.
Figure 12. τ vs λ for four different NCs arranged in multiple
configurations. OTM predictions, according to eq 8, are given for each
case and show good agreement with the results of our simulations.
(Tetrahedra results are virtually the same as P4 and are not shown.)
Simulation data are the same as in Figure 11. The OPM (purple) curve
is given by eq 5.
Figure 13. Illustration of L, R, r, λ, and τ as described in the text.
Journal of the American Chemical Society Article
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more statistics for each window were obtained from runs of 106 time
steps individually on the XSEDE Comet GPU cluster.
■ ASSOCIATED CONTENT
*S Supporting Information
The Supporting Information is available free of charge on the
ACS Publications website at DOI: 10.1021/jacs.8b03895.
Derivation of the formulas used to compute the N-PMF;
all N-PMF calculations; analysis of a cube unit cell, with
cage NCs moving to a configuration with tetrahedral
order; equilibrium values for NC separation and free
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